We consider difference equations of order four and determine the one parameter Lie group of transformations (Lie symmetries) that leave them invariant. We introduce a technique for finding their first integrals and discuss the association between the symmetries and first integrals as well as the notion of multipliers (related to conservation laws) for difference equations.
Introduction
Difference equations (∆Es), also known as recurrence relations, are mathematical models of evolution of discrete phenomena. They have been studied by a number of authors [1] [2] [3] [4] [5] and it is now known that they can be analysed using the symmetry methods as was done for differential equations. The symmetry method for differential equations is well-documented and can be found in [6, 7] among others. The main ideas and methods for symmetry analysis of difference equations were introduced by Hydon in [8] and Winternitz et al. in [9] .
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Overview about Lie analysis of ∆E's
Let us consider an Nth-order difference equation u n+N = ω(n, u n , u n+1 , . . . , u n+N −1 )
for some function f (we will assume that ∂ω/∂u n = 0) and the point transformations Γ ǫ : x →x(x; ǫ),
where x = (x 1 , x 2 , . . . , x p ) are the continuous variables. Γ is a one-parameter Lie group of transformations if:
• Γ 0 is the identity map, so thatx = x when ǫ = 0
• Γ a Γ b = Γ a+b for every a and b sufficiently close to 0
• Eachx i can be represented as a Taylor series in ǫ (in a neighborhood of ǫ = 0 that is determined by x), and thereforẽ
In this paper, we shall assume that the Lie point symmetries are of the form n = n;ũ n ≃ u n + ǫQ(n, u n ) (4) and that the corresponding infinitesimal generator is given by
where the shift operator, S, is defined as S : n → n + 1. The symmetry condition is given bỹ
whenever (1) holds. The substitution of (4) into equation (6) yields the linearized symmetry condition
whenever (1) holds. The first integral of (1) is given by
whenever (1) holds. It is known that for second-order homogeneous linear difference equations, u n+2 = a(n)u n + b(n)u n+1 , the Lie algebra of symmetry generator is height dimensional. The characteristics are given by
where U 1 and U 2 are two linearly independent solutions of the equation, and
The Lie algebra in this case is isomorphic to sl(3). However, these results do not hold for higher order.
In this paper, we restrict ourselves to fourth-order difference equations and we introduce a technique for finding their symmetries and conservation laws.
Symmetries
Consider a fourth-order recurrence equation
Then, the linearized symmetry condition (6) simplifies to
with
as the corresponding symmetry generator. To find the characteristic we first impose the symmetry condition (12) and we then differentiate it with respect to u n by keeping ω fixed and by seeing u n+1 as a function of u n , u n+2 , u n+3 and ω. This leads to
where f ,x denotes the derivative of f with respect to x. If ω is independent of u n+2 and u n+3 , then the above equation simplifies to
which we shall refer to as determining equation. In the next two examples we shall use the above determining equation to find symmetries of two fourthorder difference equations.
Applications
Consider the fourth-order difference equation
where a and b are functions of n. The reader can readily verify that the solution to the determining equation (15) in this case is given by
where c 2 is a function of n and c 1 a constant. The substitution of the characteristic in the symmetry condition (12) requires that the function c 2 satisfies the original equation (16), i.e.,
If we let U 1 , U 2 , U 3 and U 4 be the solutions of (18) then the symmetries are as follows:
For instance, if a(n) = 1 and b(n) = 0, that is,
it is easy to check that the solutions to equation (18) and (−1) n . Therefore, the symmetries will be
We have applied this result to the fourth-order difference equation
and we have found that its symmetries are given by
In this next example, we consider an equation obtained from [10] where the authors looked at the dynamical properties of u n+1 = u a n−2 + u n−3 u a n−2 u n−3 + 1 with positive initial conditions and a ∈ [0, 1). We choose to find symmetries of this fourth-order difference equation when a = 1, i.e.,
The determining equation (15) becomes
After clearing fractions and differentiating three times with respect to u n we get
Equation (30) can be split with respect to u n+1 as follows
The most general solution of the above system is given by
where the c i , i = 1, . . . , 4, are functions of n.
• Assuming c 1 = 0, that is, Q = c 4 u n 2 + c 3 u n + c 2 , the substitution of (32) in (29),(15) and (12) allows us to find the dependency among the c i . We found that
with c 4 satisfying the recurrence equation
Therefore, the possible characteristics here are
• If we assume that c 1 = 0 then the substitution of (32) in (29),(15) and (12) leads to
where c is an arbitrary constant. We then substitute (35) in (32) to get another characteristic Q = |.
In all, (28) has three non trivial symmetries given by
3 Conservation Laws
be a first integral of equation (11) . By definition, φ is constant on the solution of (11). We then have
It can readily be verified that
· S(P 3 ),
where
, P 2 = ∂φ ∂u n+2 and P 3 = ∂φ ∂u n+3 .
To get the determining equation that will allow us to find the first integrals, we combine equations (39) in a single equation involving P 3 only:
Equation (41) can be solved for P 3 and hence equation (40) will enable us to obtain the first integrals. If ω is independent of u n+2 and u n+3 , then the determining equation in this case is reduced to
Consider the difference equation
By assuming that P 3 = P 3 (n, u n ), we found that the solution to the determining equation (42) in this case is given by
where K satisfies the equation
It follows that P 0 = a(n)K i (n + 1),
. . 4 are the solutions of (45). Therefore, the first integrals of equations of the form (43) are giving by
for some function G i . For the sake of clarification, let us consider the case where a(n) = 1 and b(n) = 0 , that is,
The possible solutions to (45) are 1, (−1) n , cos nπ 2 and sin nπ 2 .
•
for some function c 1 of n. Imposing Sφ = φ, we found that the conservation law in this case is given by
• Similarly, if P 3 = (−1) n then P 2 = (−1) n+1 , P 1 = (−1) n and P 0 = (−1)
n+1 .
• If P 3 = cos • If P 3 = sin
We therefore obtained four conservation laws for the equation u n+4 = u n given by
Again, we consider equation (26), i.e.,
Here, condition (45) becomes
We have proved that 1 3 (n+3), ( are solutions of (51). Thus, the first integrals of (50) are as follows:
(52c)
In the previous examples, we supposed that P 3 = P 3 (n, u n ), i.e., we assumed that
It has to be noted that it is not every fourth-order difference equation that has first integrals of this form. For example, equation (28) given by
does not have first integrals of the form (53). We then decided to investigate the existence of first integrals of (28) where ∂φ ∂u n+3 = P 3 (n, u n+1 ). With this assumption, the determining equation (42) reduces to
The operator S −1 : n → n − 1 acts on (55) to produce
We can now split with respect to multiples of powers of u n+1 ,u n+2 and u n+2 . This leads a single differential equation
whose solution is P 3 (n, u n ) = c 1 log 1 − u n 1 + u n +c 2 and therefore we can assume without loss of generality that
Multipliers and Associations
In this section we look at the more recent notion of multipliers (also known as characteristics) whose role is to identify equivalent conservation laws and we check whether or not the symmetries and first integrals that we obtained before are 'associated'. We use the shift operator and the first integrals to obtain the multiplier. This method is more direct but works for a certain class of difference equations only. A standard way for finding multipliers can be found in [11] .
Recall that the first integrals of (47) are given by (49). We have verified that
(S − id)Φ 13 = − sin nπ 2 (E 1 ) (60c) (S − id)Φ 14 = cos nπ 2 (E 1 ).
We conclude that (E 1 ) has four multipliers given by 1, (−1) n+1 , − sin nπ 2 and cos nπ 2 . These multipliers turn out to be the four characteristics ( of the symmetries) of (E 1 ), given in (25), we found earlier.
Conclusion
We have presented a technique for obtaining symmetries and conservation laws of fourth-order difference equations. To ease our computation we have made some assumptions that enabled us to derive a number of symmetries and first integrals. We completed our investigation by looking at the association of symmetries and first integrals that we have found and multipliers were derived.
